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Abstract. Given two graphs G and H, there is a bi-resolving (or bi-covering) 
graph homomorphism from G to iJ if and only if their adjacency matrices satisfy 
certain matrix relations. We investigate the bi-covering extensions of bi-resolving 
homomorphisms and give several sufficient conditions for a bi-resolving homomor- 
phism to have a bi-covering extension with an irreducible domain. Using these 
results, we prove that a bi-closing code between subshifts can be extended to an 
n-to-1 code between irreducible shifts of finite type for all large n. 



1. Introduction 

Resolving homomorphisms arose independently under different names in different 
fields of mathematics. These homomorphisms were introduced in the field of symbolic 
dynamics to solve the finite equivalence problem [H |2] and they form a fundamental 
class of finite-to-one codes between subshifts. In particular, all the known general 
constructions of finite-to-one factor codes between irreducible shifts of finite type 
with equal entropy use resolving codes [3l[7l[I7j. Covering homomorphisms, resolving 
ones with the lifting property, are closely related to the graph divisors and equitable 
partitions in the theory of spectra of graphs ([lOj and its references). They also 
appear in the categorical approach of graph fibration with the name of fibrations 
and opfibrations [5], and play a significant role in the theory of graph embeddings 
as "voltage graphs" [HI [12] . 

This paper is an attempt to investigate the existence and the extension of bi- 
resolving homomorphisms, i.e., both left and right resolving ones. They have more 
rigid structure than left or right resolving ones [IH]. Even if two graphs G and H 
admit a left covering homomorphism and a right covering homomorphism between 
them, they need not admit a bi-covering one. We show that there is a bi-resolving 
(resp. bi-covering) homomorphism from a graph G to another graph H if and only 
if there is a sub amalgamation matrix S such that AqS < SAh and S'^Aq < AhS'^ 
(resp. AqS = SAh and S'^Aq = AhS'^), where Aq and Ah are the adjacency 



matrices of G and H, respectively (see Theorems 3.1 and 3.2). These results can be 
considered as an analogue of the well-known description that there is a right resolving 
homomorphism from G to if if and only if there is a subamalgamation matrix 5* such 
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that AqS < SAh (e.g., in [IT]). We also investigate bi-covering extensions of bi- 
resolving homomorphisms in §3. Every bi-resolving homomorphism $ : G — )■ if can 
be extended to a bi-covering homomorphism $ : G — t- by enlarging the domain. 
We present sufficient conditions for G to be irreducible when H is irreducible (see 
Theorem 3.3). 

There has been considerable attention on extending sliding block codes in symbolic 
dynamics. One can consider the following extension problem: Given a code : X — )■ 
Y and X D X with certain properties, extend to a factor code from X onto 
Y, respecting the properties. There are several results to this extension problem 
for infinite-to-one codes [HI 13 [13], for finite-to-one closing codes [3j, and for inert 
automorphisms [H]. In particular, Ashley proved that if X and Y are mixing shifts 
of finite type and F is a right closing factor of X, then any right closing code from a 
shift of finite type Z C X can be extended to a right closing code from X to y [3]. 
An analogous statement for bi-closing codes is false (see Example 4.4), thus we are 
led to consider the weaker version of the extension problem: Given a code (f) : X ^ Y 
with certain properties, construct an enlarged domain X and extend to a factor 
code on X, respecting the properties. 

The paper |1] provides many results to this weaker version of the extension prob- 
lem. One of them concerns bi-closing codes: If : X — )• F is a bi-closing code 
between irreducible shifts of finite type, then there are an irreducible shift of finite 
type X and a bi-closing extension : X — F of 0. In §4 we extend this result as 
follows: Given a bi-closing code from a subshift X to an irreducible shift of finite 
tj^e Y with h{X) < h{Y), for all large n there exist an irreducible shift of finite type 
X and an ?7,-to-l (hence bi-closing) extension from X onto Y. If X is of finite type, 
then this result holds for every n greater than the maximum number of 0-preimages 
(see Theorem 4.3). This is related to the result in [15], which says that for a mixing 
shift of finite type X, there is a family of mixing shifts of finite type each of which 
is a constant-to-one extension of X. (In [T3], each extension is a skew-product of X 
with a group of the form Z/pZ). 



2. Background 

In this section, we recall some terminology and elementary results. For further 
details, see [17]. A (directed) graph G is defined to be a pair (y,£), where V = V(G) 
is a finite set of vertices and £ = £{G) is a finite set of edges. We call G irreducible 
if for each pair (/, J) of vertices there exists a path from I to J. A graph is weakly 
connected if its underlying graph is connected (i.e., it is possible to reach any vertex 
starting from any other vertex by traversing edges in some direction). An irreducible 
component of a graph is a maximal irreducible subgraph. 

Let G and H be graphs. A (graph) homomorphism from G into if is a pair 
$ = ($y, $^) of mappings $v : V(G) V{H) and $£■ : £{G) -)■ £{H) which respect 
adjacency. The edge map $£■ naturally extends to paths. We say $ : G — )■ if is 
right resolving (resp. right covering) if ^£\£j(g) '■ ^i{G) ^*v(^)(-^) injective 
(resp. bijective) for each / G V(G), where £i{G) is the set of all edges starting from 
I. Similarly, left resolving and left covering homomorphisms can be defined. If $ 
is both left and right resolving (resp. covering) then it is called bi-resolving (resp. 
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bi- covering). If $ : G — if is bi-covering, then for each path tt in if the paths in 
$^^(7r) are mutually separated, i.e., they do not share a vertex at the same time. 

A 0-1 matrix is called a subamalgamation matrix if it has exactly one 1 in each 
row. An amalgamation matrix is a subamalgamation matrix which has at least one 
1 in each column. For two graphs G and if, any subamalgamation matrix S indexed 
by V{G) X V(ff ) uniquely determines a vertex mapping $v (and vice versa) by letting 
$v(^) = f if and only if Sij = 1. 

In §4, we apply the results on graph homomorphisms to obtain certain results 
in symbolic dynamics. We assume some familiarity with symbolic dynamics. See 
[T6l [T7] for more on symbolic dynamics. 

3. Existence and extension of bi-resolving homomorphisms 

In this section, we investigate the existence and the extension of bi-resolving ho- 
momorphisms. We first show that a known necessary condition for the existence of 
a bi-resolving (resp. bi-covering) homomorphism is also sufficient. 

Theorem 3.1. Let G and H be graphs. Then there exists a bi-covering homomor- 
phism from G to H if and only if there exists a subamalgamation matrix S with 
AgS = SAh and S^Ag = ^hS^. 

Proof. The 'only if part is well known [T71 §8.2]. We will show the converse. 

Let Ag = {aij),AH = (&/,j) and S = (Sij). Let $v : V{G) V{H) be the vertex 
mapping induced by 5*, i.e., for each i G V(G), $v(0 is a unique vertex I G V(if) 
with Sij = 1. Let Vi = <^^\l) for f G V(ff ). For f , J G V(ff) with V/, Vj nonempty, 
let Ajj = {ciij)i^yjj(zy J be the (rectangular) submatrix of A^, and let G/^j be the 
subgraph of G determined by A/^j, i.e., Gi^j has the vertex set V/ U Vj and its edge 
set, say £^/,j, which is the set of edges going from a vertex in V/ to a vertex in Vj. 
Since AqS = SAh, it follows that ^,gv.j ^hi ^ 

for f , J G V(ff ) and i G V/, 
which implies that if V/ 7^ and Vj 7^ 0, then every row sum of the matrix Aj^j 
is equal to bjj, and that if V/ 7^ and Vj = 0, then 6/ j = 0. Similarly, since 
S'^Ag = AhS'^ , we see that if V/ 7^ and Vj 7^ 0, then every column sum of the 
matrix Aij is equal to bj^j, and that if Vj = and Vj 7^ 0, then bj^j = 0. Therefore, 
if V/ 7^ 0, Vj 7^ and bjj 7^ 0, then |V/| = |Vj|, so that Aij is a nonnegative integral 
square matrix with every row and column sum equal to bj^j. It is well known that 
a nonnegative integral square matrix with every row and column sum equal to R 
is the sum of R permutation matrices (e.g. flU^, §5]). Therefore Aj j is the sum of 
bj^j permutation matrices, so that Sjj is partitioned into disjoint bj j subsets each 
of which consists of vertex-separated |V/| edges (i.e. every distinct two of the \Vi\ 
edges go neither from the same vertex nor to the same vertex). Hence we can define 
a graph homomorphism $/ j : Gjj — )■ if which sends all edges in every one of the 
bj^j subsets to some one of the bj^j edges going from f to J in if so that the edges 
in distinct subsets may be sent to distinct edges. 

There exists a graph homomorphism $ : G — ?■ ff which is an extension of for 
all f , J G V(if ) with 6/ j 7^ 0. It follows that $ is bi-covering. □ 
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Theorem 3.2. Let G and H be graphs. Then there exists a bi-resolving homomor- 
phism from G to H if and only if there exists a subamalgamation matrix S with 
Ag^ < S/Kh and S^Ag < AhS^. 



Proof. As in Theorem 3.1, the 'only if part is well known [T71 §8.2]. We will show 
the converse. Notation being the same as in the proof above, let d = max{|V/| : / G 
V{H)}. Let G and <lv : V(G) V{H) be the extensions of G and $v, respectively, 
such that G is obtained from G by adding new d — \Vi\ (isolated) vertices, which 
are mapped to / by $v, for every / G V{H). Then |V((5)| = d\V{H)\. If we define 
5" = (Sij) to be the \V{G)\ x \V{H)\ 0-1 matrix such that l>v(i) = / if and only if 
Sij = 1, then S is an amalgamation matrix with A^S" < SA^ and S'^Aq < A^S'^ ■ 

Let Vj = 3>y^(/) for I G V{H). Let Aj j = {flij)i^Vjj(zyj be the dx d submatrix of 
Aq = (dij) for I, J ^ ^{H). Then since AqS < SAh, it follows that X^jeVj — ^^.>^ 
for I, J E V{H) and i G V/, so that each row sum of Aj^j is not greater than bjj 
for each I, J E ^{H). Similarly, since oAq < AhS'^ , each column sum of Aj^j is 
not greater than 6/ j for each I, J E V{H). We can obtain from Ajj a nonnegative 
integral d x d matrix A/ j with every row and column sum equal to bj^j by adding 
a necessary number of "l"s to the components of Aj^j (i.e. by adding a necessary 
number of new edges going from V/ to Vj). For generally, if A is a nonnegative 
integral d x d matrix with every row and column sum not greater than b and with 
the total sum of components equal to t, then bd — t times additions of "1" to an 
appropriate component each time, give a matrix A with every row and column sum 
equal to b. (This is straightforwardly proved by induction on bd — t.) Let G/ j be 
the graph determined by Aj j. There exists a minimal extension G of G such that 
Gj^j is a subgraph of G for all I, J E V{H). Since Aj^j has every row and column 



sum equal to bjj for all I, J E V{H), it follows from the proof of Theorem 3.1 that 
there exists a bi-covering homomorphism $ : G — )■ iJ. The restriction of $ on G is 
a desired bi-resolving homomorphism. □ 

An extension of a homomorphism $ : G — )■ is a homomorphism ^ : G ^ H such 
that G is a graph containing G and <I>|g = In the remainder of this section, we 
investigate bi-covering extensions of bi-resolving homomorphisms. In what follows, 
the degree of a homomorphism ^ : G ^ H, denoted by deg$, is the maximum 
number of preimages of vertices in H under $v For a graph G, denote by the 
spectral radius of its adjacency matrix A^. 

Theorem 3.3. Let ^ : G ^ H be a bi-resolving homomorphism with H irreducible. 
Let d = deg<l>. 

(1) If G is weakly connected, then there exists a bi-covering extension ^ : G ^ H 
of $ with G irreducible and deg $ = c?. 

(2) // \h > \g and n > d, then there exists a bi-covering extension ^ : G ^ H 
of ^ with G irreducible and deg$ = n. 

Proof. Let V/ = $y^(/) for / G V{H). We may assume that \Vi\ = d hj adding 
new d — |V/| (isolated) vertices for every / G V{H). Further, we may assume that 
n = d+1 in (2) by adding new n — d — 1 vertices for every / G V{H). For I, J E V{H), 
let Bj J the set of edges going from / to J. 
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Let I,Je V{H) with Bj j ^ 0. Let G/ j be the subgraph of G whose vertex 
set is V/ U Vj and whose edge set, say £j^j, is the set of all edges going from a 
vertex in V/ to a vertex in Vj. Note that Sjj may be empty. Let : Gj^j — )■ H 
be the restriction of $ on Gij. Since $ is bi-resolving, for each b E $^^(6) 
consists of vertex-separated edges. For each b G Bj j, if < d, we can add 

new d — |<l'^^(6)| edges, which will be called the new 6-edges, to the graph Gjj so 
that the new 6-edges together with the edges in $^^(6), which we will call the old 
6-edges, may be all vertex-separated. Let Gj^j be the graph extension of Gj^j with 
the new 6-edges added for all b G B^ j. Let $/ j : Gjj H he the extension of 
which sends all old and new 6-edges to b for all b G Bj j. 

There exists a minimal extension G of G such that Gi^j is a subgraph of G for 
all I, J E V{H) with Bj j ^ 0. There exists an extension $ : G — )■ if of $ whose 
restriction of l> on Gjj is <l/,j for all /, J G V{H) with ^ 0. Since $ : G if is 
bi-covering and H is irreducible, G is the disjoint union of finitely many irreducible 
graphs. Therefore if G is weakly connected, then there exists an irreducible com- 
ponent G such that G is a subgraph of G. Hence the restriction $ of $ on G is a 
bi-covering homomorphism desired in (1). (Indeed, one can check that G = G in 
this case.) 

Suppose now Xq < Xh- Then each irreducible component of G has a new 6-edge 
for some edge b in H. Let Gi, ■ ■ ■ ,Gm be the irreducible components of G and let 
Cfc be a new bk-edge in G^ with b^. = $£-(efc) for = 1, ■ ■ ■ ,m. Let Gq be a copy of 
H. We assume that for each edge b in H, the copy e?, (in Gq) of 6 is a new b-edge. 
For A; = 0, ■ ■ ■ , m, we define an irreducible graph Gk inductively. Let Go = Go- 
Assuming that Gfc_i is an irreducible graph which has a new b-edge for all edge b 
in H, we define G^ as follows: let the new b^-edge Ck and one of the new b^-edges 
of Gfc_i exchange their terminal vertices; then we can merge Gk and G^-i into one 
irreducible graph Gk, which has a new b-edge for all edge 6 in if. 

Let G = Gm- We have a graph homomorphism ^ : G ^ H which sends all old 
and new 6-edges to b for all edges b in H. Then $ is a bi-covering extension of $ 
with G irreducible and deg $ = ci + 1 = n. Hence (2) is proved. □ 



The proof of Theorem 3.3[ 1) shows that every bi-resolving homomorphism can be 
extended to a bi-covering one with the same degree by enlarging the domain. We 
remark that Theorem 3.3 also holds if we replace irreducible with weakly connected. 
Note that the assumption Xh > Xg in the theorem is crucial. Indeed, an application 
of Perron-Frobenius theorem shows that if H is irreducible, G is not irreducible and 
Xg = Xh, then G cannot be irreducible for any bi-covering extension $ : G —i- ii of 



Example 3.4. Let G and H be graphs as below and $ : G — ii a subscript 
dropping homomorphism. It is easy to check that there is no bi-covering extension 
of $ with degree 2 and with a weakly connected domain. This example shows that 
the assumption n > deg $ in Theorem 3.3[ 2) is crucial. 
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Figure 3.1. 

4. Extension of bi-closing codes 

In this section, we investigate the extension property of bi-closing codes between 
general shift spaces. We prove that a bi-closing code between subshifts can be ex- 
tended to an n-to-1 code between irreducible shifts of finite type for all large n. 
When the domain is of finite type, we give a lower bound of degrees of extensions in 
the sense that there is G N such that the above result holds for every n > N. 

We recall some definitions. A shift space (or suhshift) is a closed shift-invariant 
subset of a full shift. A subshift is indecomposable if it is not the union of two disjoint 
nonempty subshifts [8], and irreducible if it has a dense forward orbit. For a subshift 
X, denote by i3„(X) the set of all words of length n appearing in the points of X, and 
by h{X) the topological entropy of X. A code is a continuous shift- commuting map 
between shift spaces. A code is right closing (resp. left closing) if it never collapses 
two distinct left (resp. right) asymptotic points, and bi-closing if it is both left and 
right closing. The edge shift Xq is the set of all bi-infinite trips on a graph G. Every 
homomorphism ^ : G ^ H induces the code (p '■ Xg — ?■ Xh by letting 0(x)j = ^{xi). 
A subshift is called a shift of finite type if it is conjugate to an edge shift. 

We adopt the ideas from p] Lemma 2.4] to prove the following lemma on recoding. 

Lemma 4.1. Let X and X be shift spaces with X C X and (p : X ^ Y a conjugacy. 
Then there exist a shift space Y D Y and a conjugacy : X — )■ F such that (f)\x = 4>- 

Proof. We may assume that is 1-block and has X G N as its memory and 
anticipation, and that no X-word occurs as a symbol for Y. Define an alphabet 
A = B,{Y) U {B2N+i{X) \ B2N+i{X)). We will regard u G B^N+iiX) \ B^n+i^X) as 
a symbol in A. Define : X — t- A^ by 

(j){Xi) if X[_N+i,N+i] e i32Ar+i(X) 

X[-N+i,N+i] otherwise. 

and let Y = 0(X). Note that if 0(x) = y, then each ?/[_Ar+j^Ar+j] determines Xi 
uniquely. Thus is a conjugacy onto its image Y. □ 

For a graph G and X G N, denote by G'^' the N-th higher graph of G [17, §2.3]. 
A graph homomorphism ^ : G ~^ H naturally induces the graph homomorphism 
^[N] . q[n] _^ jj[N] f^j, gg^p]^ j£ ^ jg bi-resolving, then clearly so is $'^1 For a 

shift space X and X G N, denote by X^^l the N-th higher block shift of X. Then X 
is conjugate to X^^l by the conjugacy (3n,x '■ X X^^^ where (3N,x{x)i = X[i^i+N-i]- 
It is known that a code between irreducible shifts of finite type is constant-to-one if 
and only if it is conjugate to a code induced by a bi-covering homomorphism [TS]. In 
this case the number of preimages of each point under the code is equal to the degree 



[X 
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of the homomorphism. In what follows, a graph is called essential if each vertex has 
an incoming edge and an outgoing edge. 

Lemma 4.2. Let ^ : G ^ H be a bi-resolving homomorphism where G and H are 
essential. Let d = ma.x{\(f)^^{y)\ : y G X/^}, where : Xq — > Xh is the code induced 
by $. Then there exists N eN such that deg$f^^ = d. 

Proof. Since $ is bi-resolving, the preimages of a given path must be mutually sepa- 
rated. Since G and H are essential, it follows from compactness that there is n G N 
such that |$^^(7r)| < d for all paths n of length greater than n. Take N = n + 2. 
Then |($[^l)v^(^)l < d for all J G V{G^^^). Thus deg^t^l < d. 

Suppose deg$[^l < d and let 0^^' be the code induced by $1^1. Since $1^' is bi- 
resolving, the number of preimages of a point under 0^^] must be less than d. This 
contradicts that is conjugate to 0[^l Thus deg$[^l = d. □ 

Now we prove the main theorem of this section which says that, in a sense, every 
bi-closing code sits in a constant-to-one code between irreducible shifts of finite type. 

Theorem 4.3. Let X be a shift space, Y an irreducible shift of finite type with 
h{X) < h(Y), and : X — F a bi-closing code. Let d = max{|0~-'^(?/)| : y G Y}. 

(1) If X is an indecomposable shift of finite type, then for all n > d, there exist 
an irreducible shift of finite type X D X and an n-to-1, onto extension cf) : 
X ^Y of (p. 

(2) // X is of finite type, then the conclusion of (1) holds if "for all n > d " is 
replaced by "for all n > d + 1 ". 

(3) If X is a shift space, then the conclusion of (1) holds if "for all n > d" is 
replaced by "for all n > m with some m > d". 

Proof. (1)(2) Since X and Y are shifts of finite type and Y is irreducible, using the 
higher block presentations and the recoding construction of [121 §4.3], we know that 
there exist an essential graph G, an irreducible graph H, a bi-resolving homomor- 
phism : G — 7- i7, a conjugacy a : X Xq, and a higher block code (3 : Y — »■ Xh 



such that = /9 ^tpa, where ip is the 1-block code induced by \E'. By Lemma 4.2 
there exists N > 1 such that deg^l^^ = d. Letting Gi = G^^\Hi = H^^^ and 
= v|/[^l^ we have = /3~^(3]^\^ijjil3N,XaCe, where ipi is the 1-block code induced 

by 



By Theorem 3^ there exists a bi-coverin g ex tension \E'i : Gi — )• ifi of with 



Gi irreducible and deg = n. By Lemma |4.1| there exist an irreducible shift of 
finite type X with X X and a conjugacy 9 : X ^ X^^ such that 9\x = Pn^Xo^- 
we let = (3~^l3Pf\^'ipi9, where tpi is the 1-block code induced by \E'i, then is an 
extension desired in (1) and (2). 

(3) Let A = Bi{X). Then X is a subshift over the alphabet A. Define by 
an M-block map $ : Bm{X) — Bi{Y) with memory m and anticipation a with 
m+a + 1 = M and let iV be a number such that F'^' is an edge shift. For k > M + N, 
let Xk be the shift of finite type defined by the set J^k = A'^ \ Bk{X) of forbidden 
blocks (i.e., Xk is the fc-step Markov approximation of X). Then we can define the 
code 0fc : Xk — > Y with the M-block map $ with memory m and anticipation a (note 
that 0fc(Xfc) C Y). Clearly Xk+i C Xk for all and X = flfc^fc- Since h{X) < h{Y), 
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for all large k we have h{Xk) < h{Y). Since cf) is bi-closing, it follows by a standard 
compactness argument that ipk is bi-closing for all large k. Therefore we can apply 
(2) for (f)k with sufficiently large k to prove (3). □ 

This theorem may be viewed as an another aspect of the extension result in |H 
§4]. Indeed it gives more information except for the closing delay which is defined 



only for 1-block codes on 1-step shifts of finite type. Note that in Theorem 4.3, if X 
and Y are mixing then so is X. 

Our last example shows that we cannot improve the extension theorem of Ashley 
[3] by replacing right closing with bi-closing. 

Example 4.4. Let X = Y = where A = ( ^ g ) ^^'^ Z he & periodic orbit of X 
of length greater than 1. Let cf) : Z he the code that maps every point of Z to 
the unique fixed point of Y . Clearly is bi-closing. If there is a bi-closing extension 
: X — )■ y of 0, then it must be constantly d-to-1 with d> 1. However, since —1 is 
an eigenvalue of A, it follows that X only admits endomorphisms of degree one [19], 
which is a contradiction. Thus cannot be extended to a bi-closing code from X 
onto Y . 

Acknowledgment. This paper was written during the authors' graduate studies. We 
would like to thank our advisor Sujin Shin for her encouragement and good advice. 
We thank the referee for thorough suggestions which simplified and clarified many 
proofs, and Mike Boyle for comments which improved the exposition. This work 
was supported by the second stage of the Brain Korea 21 Project, The Development 
Project of Human Resources in Mathematics, KAIST in 2009. 



References 

1. R. Adler, W. Goodwyn, and B. Weiss, Equivalence of topological Markov shifts, Israel J. Math. 
27 (1977), 48-63. 

2. R. Adler and B. Marcus, Topological entropy and equivalence oj dynamical systems, Mem. Amer. 
Math. Soc. 219, 1979. 

3. J. Ashley, An extension theorem for closing maps of shifts of finite type, Trans. Amer. Math. 
Soc. 336 (1993), 389-420. 

4. J. Ashley, B. Marcus, D. Perrin, and S. Tuncel, Surjective extensions of sliding-block codes, 
SI AM J. Discrete Math. 6 (1993), 582-611. 

5. P. Boldi and S. Vigna, Fibrations of graphs. Discrete Math. 243 (2002), 21-66. 

6. M. Boyle, Lower entropy factors of sofic systems. Erg. Th. & Dyn. Sys. 3 (1983), 541-557. 

7. , Open problems in symbolic dynamics. Geometric and Probabilistic Structures in Dy- 
namics, Contemp. Math. 469 (2008), 69-118. 

8. M. Boyle and W. Krieger, Almost Markov and shift equivalent sofic systems. Springer- Verlag 
Lecture Notes in Math. 1342, 1988. 

9. M. Boyle and S. Tuncel, Infinite-to-one codes and Markov measures. Trans. Amer. Math. Soc. 
285 (1984), 657-684. 

10. A. Deng, L Sato, and Y. Wu, Homomorphisms, representations and characteristic polynomials 
of digraphs. Linear Algebra and its Applications 423 (2007), 386-407. 

11. L. Gross and W. Tucker, Generating all graph coverings by permutation voltage assignments. 
Discrete Math. 18 (1977), 273-283. 

12. , Topological Graph Theory, Wiley-Interscience, New York, 1987. 

13. U. Jung, On the existence of open and bi-continuing codes, to appear in Trans. Amer. Math. 
Soc. arXiv:0810.4632. 



BI-RESOLVING HOMOMORPHISMS AND BI-CLOSING CODES 



9 



14. K. H. Kim and F. Roush, On the structure of inert automorphisms of subshifts, Pure Math. 
Appl. Ser. B 2 (1991), 3-22. 

15. , Free Zp actions on subshifts, Pure Math. Appl. 8 (1997), 293 322. 

16. B. Kitchens, Symbolic Dynamics: One-sided, Two-sided and Countable State Markov Shifts, 
Springer- Verlag, 1998. 

17. D. Lind and B. Marcus, An Introduction to Symbolic Dynamics and Coding, Cambridge Univ. 
Press, 1995. 

18. M. Nasu, Constant-to-one and onto global maps of homomorphisms between strongly connected 
graphs. Erg. Th. & Dyn. Sys. 3 (1983), 387-413. 

19. P. Trow, Degrees of finite-to-one factor maps, Israel J. Math. 71 (1990), 229-238. 

20. J. van Lint and R. Wilson, A Course in Combinatorics. 2nd Ed., Cambridge University Press, 
2001. 

Department of Mathematical Sciences, Korea Advanced Institute of Science and 
Technology, Daejeon 305-701, South Korea 
E-mail address: uijin@kaist .ac.kr 

E-mail address: ijleeOkaist . ac.kr 



